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The AGMA J-factor is calculated in four different
ways by considering the maximum total stress and
minimum curvature radius of the trochoid fillet, the
maximum total stress and curvature radius at the
corresponding tooth section, the maximum total
stress and circular fillet, and the maximum total
stress obtained from FEM analyses.

By ALFONSO FUENTES-AZNAR and JOSE |. PEDRERO

he Geometry Factor for Bending Strength, J, also

known as AGMA J-factor, is used to assess the

tooth- root stress of spur and helical gear teeth.

The Information Sheet AGMA 908-B89 presents a
calculation method for the AGMA J-factor based on the
Lewis’ parabola and computes the stress concentration
factor from the minimum curvature radius of the fillet
trochoid. Although the presented basic gear geometry
is valid for external and internal gears, it was stated
that the method for the analytical determination of the
AGMA J-factor was not appropriate for internal gears,
and it was beyond the scope of the Standard.

By using the Lewis’ method, the tooth section with
maximum bending stress is calculated and the tooth-
root stress determined. However, the modern defini-
tion of tooth-root stress considers other influences
than pure bending, and, therefore, the Information
Sheet AGMA 911-B21 suggests considering the high-
est total stress, including the compressive stress and
the stress concentration at the considered section. In
addition, the root-fillet trochoid is approximated to a
circumference arc, and the influence of the number of
teeth and shift coefficient of the shaper is neglected.

In this article, the AGMA J-factor is calculated in
four different ways by considering: (i) the maximum
total stress and minimum curvature radius of the
trochoid fillet, (ii) the maximum total stress and cur-
vature radius at the corresponding tooth section, (iii)
the maximum total stress and circular fillet, and (iv)
the maximum total stress obtained from FEM analy-
ses. Based on the comparison of the results of the men-
tioned four approaches, guidelines for the preparation
of a proposal for the calculation of the AGMA J-factor
forinternal gears are provided. It has been demonstrat-
ed that, for internal gears generated by a shaper, the
number of teeth and the profile shift coefficient of the
shaper influences the values of the J-factor.

1 INTRODUCTION

In order to ensure gears are capable of supporting the
loads and stresses they experience during their opera-
tion due to the transmitted power, gear designers
must carefully consider the tooth root stresses in the
process of gear design. Fatigue failure by tooth root

stresses is considered a catastrophic failure that should
be avoided because it permanently damages the gears
and compromises the safety of the system in which
the gears are used.

The first model to determine the bending stress
on gear teeth was based on the Lewis form factor, Y.
The Lewis form factor, Y, was developed by Wilfred
Lewis in 1893 [1]. It was widely used in the industry for
many years and served as a useful tool for gear design.
However, it had some limitations, such as not consider-
ing the compression due to the radial component of the
normal force or not considering the stress concentra-
tion at the root trochoid.

The first known investigation of stress concentra-
tion at the root profile of gear teeth was performed
by Dolan and Broghamer in 1942 [2] by using a photo-
elastic method. It was done for external gears, and it is
still applied today. However, its application to internal
gears is yet to be assessed.

About 1960, the American Gear Manufacturers
Association (AGMA) presented a method for calculating
the gear tooth bending stress, based on the so-called
AGMA J-factor. The J-factor method improves upon
the limitations of the Lewis form factor by taking into
account the stress concentration at the root fillet, the
geometry of the fillet, and the operating conditions
throughout the location of the point of application of
the load. At the beginning, the J-factor was calculated
by graphical methods, which obviously provided very
low-precision results. It was Errichello in 1983 [3] who
developed the algorithm for the J-factor for external
spur and helical gears generated by pinion-type shaper
cutters. This algorithm was adopted by AGMA as the
official method for calculating the J-factor and was
included in the computational method presented in
AGMA 908-B89 [4].

Mitchiner and Mabie [5] presented a simple and
direct approach to the problem of definition of the
root profile for standard and nonstandard external
spur gear teeth. They developed the equations to deter-
mine the location of the point of tangency of a con-
stant-stress parabola with the root trochoid, in which
the critical section of the gear tooth is established to
get the J-factor.
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Carroll and Johnson [6] presented an approximate equation for the
J-factor, which could be useful for computer applications and avoided
the convergency problems of the iterative procedures. However, it
was only valid for rack-generated spur gears with no backlash, no
tool shift, and standard center distance, which results in a very nar-
row scope. Pedrero et al. [7] presented an approximate method for
the determination of the critical section parameters (location, thick-
ness, and curvature radius), from which the J-factor can be computed
analytically, which is valid for any set of tooth proportions, tooth
numbers, shift coefficients, operating center distances, helix angles,
and contact ratios. Arikan [8,9] developed analytical expressions for
the J-factor for external spur gears by using polynomial equations,
which can be used to calculate the tooth root stresses corresponding
to loads acting on any point on the involute tooth profile.

However, there is not much investigation of the AGMA J-factor for
internal spur and helical gears. The available information refers to
AGMA 911-B21 [10] that, in its Annex A, provides a method to deter-
mine the J-factor for internal gears, but it is intended for informative
purposes only. No standard has been established yet for the determi-
nation of the J-factor for internal spur and helical gears.

Some of the assumptions in the method presented in the informa-
tional Annex A of AGMA 911-B21 include:

1: The fillet geometry corresponds to a true ground fillet, which is
acirculararc, and, therefore, the actual geometry of the trochoid gen-
erated by the tip edge of the generating shaper is not being considered.

2: The number of teeth of the shaper is not considered at all.

3: The radial component of the normal force is being considered
and, therefore, the maximum tensile bending stress at the tooth
fillet will be reduced by the compressive stress caused by the radial
force.

4: A stress concentration factor, which is a function of the dimen-
sions and location of the critical section, is used based on a modified
version of the stress concentration factor proposed by Dolan and
Broghamer [2].

5: The critical section is determined by an iterative method to
find the section in which the total stress, considering tension due
to the bending moment, and compression due to the radial force is
maximum and not where the highest bending stress is maximum.

This article is intended to advance in establishing an accurate
procedure for the determination of the J-factor in internal gears and
determine some important dependencies that may not have been
considered yet. An effort has also been made to show the values of
the J-factor that would be obtained by using the maximum principal
stresses at the fillet of the gear teeth by the Finite Element Method
(FEM). It will establish how far the actual methodology is from predict-
ing the tooth root stresses at the internal gear root fillets as obtained
by the FE method.

2 THE AGMA J-FACTOR

According to the model in which the calculation methods outlined
in ANSI/AGMA 2001-D04 [11] are based on, the relation between the
critical stress at the tooth-root of a spur gear, denoted as gj, and the
AGMA J-factor, can be expressed as follows:

%= JFm,

where:
W;  isthe tangential load at the operating pitch radius.
F is the face width.
m,  is the normal module.
J is the geometry factor for bending strength (AGMA J-factor).
The combination of Equation 2.1 and the equations of the linear

Equation 2.1
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theory of elasticity results in a J-factor to be calculated as follows:

1 1
J= m, Ky €OS i, (% _ftan ff’m.) Equation 2.2
COSGur \ 52 S
where:

Kr  isthe stress correction factor.

¢n  istheload angle at the highest point of single tooth contact
(HPSTC).

¢nr  1s the operating normal pressure angle.

hg is the moment arm.

Sp is the tooth thickness at the critical tooth section.

Equations 2.1 and 2.2 are suitable for assessing the stress at any
section of the tooth root and any load point, but for strength calcula-
tions, the critical load point and critical section in which the stress is
maximum should be determined. In this article, the J-factor will be
assessed first from three analytical approaches consisting of differ-
ent assumptions on the location of the critical section and the stress
correction factor. The critical load condition always corresponds to
the total load acting at the HPSTC of the corresponding gear.

3 ANALYTICAL APPROACHES

In this article, the following three analytical approaches will be con-
sidered:

) Approach #1, based on AGMA 908-B89 [4].

) Approach #2, based on AGMA 911-B21 [10], Annex A.

) Approach #3, based on a hybrid model combining the previous
two models. All of them are briefly described in the following sub-
sections.

3.1 APPROACH #1, BASED ON AGMA 908-B89
For external gears, AGMA 908-B89 [4] provides a calculation method
of the J-factor based on the following assumptions:

) Both the bending component and the compressive component
of the stress at the root should be considered.

) Stresses should be calculated at the tooth-root section defined by
the tangency point of the Lewis parabola and the tooth-root trochoid,
for the load acting at the HPSTC.

) The stress correction factor should be considered according to
the Dolan and Broghamer Equation 2. Accordingly, the curvature
radius of the root fillet to be considered should be the minimum
curvature radius of the trochoid, and, therefore, the one correspond-
ing to the intersection point of the fillet trochoid and the root circle.

To apply this model to the calculation of the J-factor of internal
gears, the equations of the tooth thickness at the root, the moment
arm, the curvature radius of the root trochoid and the load angle
should be obtained.

The parametric polar equations (, v) of the root trochoid of an
internal tooth are given by:

r(p) = Jt‘iz + 12 + 281, sing
v(ip)=0—-¢5—2

where:

Tg is the generating pitch radius of the internal tooth.
¢ isthe generating pressure angle.

for ¢,<¢ <

| S

Equation 3.1

0 is the distance from the generating pitch point to the gener-
ated trochoid point.

0,4  are the angles depicted in Figure A.2 in Annex A.

® is the parameter of the parametric polar equations and

describes the point of the pinion-cutter fillet, which generates the
corresponding point of the internal-tooth trochoid, as shown in
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Figure 1: Tooth thickness s-and the l'l. \l
moment arm hzat a root section of the "\
internal gear. \

Figure A.2 in Annex A.

The derivation of the equations for o, 6, and A are presented in
Annex A. As seen in Figure 1, the tooth thickness sy and the moment
arm hy at the root section described by ¢ are given by:

5¢(0) = 2r(9)sin (v(@) +2)

Y Equation 3.2
he(9) = r(p) cos (v(p) + )

Th
coS Ppp

where:

Vb is the angular thickness of the internal tooth involute at the
base radius (which may be negative).

T is the base radius.

The base angular thickness and the load angle can be computed
from:

w X
= —+4—tan¢, + 2(tan ¢, — ¢,,)
Vo N N n = In Equation 3.3

N is the number of teeth of the internal gear.

X is the addendum modification coefficient on internal gear
teeth.

¢, is the standard normal pressure angle.

T is the radius of the HPSTC.

To locate the critical section with the Lewis parabola the value of
the ¢ parameter providing the maximum value of the (h/sg%) should
be found, for which an iterative procedure should be used, as the one
presented in [5,7]. Probably, the simplest method to find the solution
is the bisection method, which yields results almost instantaneously
with modern high-speed computers.

Finally, the stress correction factor can be computed from [2]:

Kr=H+(—) (==

where:

H=0.331-0.436¢,

L=0.324 - 0.492¢,

M=0.261+0.545¢,

and:

TR is the minimum curvature radius of the root fillet, which is
computed as described in Annex B.

Equation 3.4

3.2 APPROACH #2, BASED ON AGMA 911-B21
For external and internal gears, AGMA 911-B21 [10] provides a cal-
culation method of the J-factor based on the following assumptions:
) Both the bending component and the compressive component
of the stress at the root should be considered.
) The root fillet is approximated to an arc of circumference.
) The stress correction factor is assessed at any section of the root.
b Stresses should be calculated at the tooth-root section in which
the corrected stress is maximum, for the load acting at the HPSTC.
Accordingly, the stress correction factor is, in this case, expressed as:

(55 @) [se@))”
g =1+ (%7) (i)

in which the correlation coefficients have been slightly modified,
as follows:

H=0.3255 - 0.4167¢,

[ =0.3318 - 0.5209¢,

M=0.2682 + 0.5259¢,,

To determine the critical section, the value of ¢ corresponding
to the maximum of the function [k (%% - )| should be found.
Once again, the simplest way to solve the problem is by using the
bisection method. The derivation of the equations for the tooth thick-
ness sg (¢) and the moment arm hg(p) is presented in Annex C.

Equation 3.5

3.3 APPROACH #3, BASED ON HYBRID MODEL
The hybrid approach is similar to Approach #2 but considering the
trochoidal root fillet. Consequently, the calculation of the J-factor is
based on the following assumptions:
) Both the bending component and the compressive component
of the stress at the root are considered.
) The stress correction factor is calculated considering the curva-
ture radius of the trochoid at the corresponding point of the root fillet.
) Stresses should be calculated at the tooth-root section in which
the corrected stress is maximum, for the load acting at the HPSTC.
Accordingly, the stress correction factor is, in this case, expressed as:

B se(@)\" (se(@)\"
ko) =H+ (rp(qo)) (hF(qo))

in which the correlation coefficients have been taken as in Approach

Equation 3.6
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#1. The critical section will be given by the value of ¢ corresponding
to the maximum of the function [%@ (%2 -=24)| 'which may be
obtained from the bisection method. The equations for sg (¢), hg(p),

and rg (¢) can be found in Annexes A and B.

4 FEA-BASED APPROACH

A FEA-based approach has been established to get reference values
of the tooth root stresses and the corresponding J-factor and assess
the effectiveness and accuracy of the analytical approaches proposed
above. The 2D finite element model used in this work is shown in
Figure 2. The FE model is generated automatically by a custom-made
computer program considering the actual geometry of the gears,
analyzed by a general-purpose finite element computer program,
and the results automatically post-processed. The geometry of the
internal gear will be generated by a shaper, so that the influence of
the number of teeth of the shaper on the maximum bending stress
will be studied as well.

The FE model of the gear set comprises three pairs of teeth. The
finite element model of the internal gear considers 60 elements along
the active profile, 30 elements along the fillet, and 10 elements along
the top land. The number of elements of the upper rim sides depends
on the number of elements of the top land, and the total number of
elements on the bottom of the rim depends on the number of ele-
ments in the lower rim. For the external pinion, the model considers
50 elements along the active surface, 40 elements along the fillet,
and 10 elements along the top land. To ensure the mesh density does
not affect the resulting stresses, the number of elements in the fillet
and active profile for both the external pinion and the internal gear
was increased until any significant variation in maximum stresses
became negligible.

To ensure consistent relative loads across various gear size con-
figurations, an input torque of 10 N-m was initially applied to a refer-
ence case. This reference case consisted of a pinion with 25 teeth and
an internal gear with 100 teeth, featuring a
module of 1.0 mm and a pressure angle of 20
degrees. The face width is 10 mm. The fillet
radius coefficient of the external pinion is
0.38, and the shaper tip radius coefficient is
0.25. The profile shift coefficients for both
the external pinion and the internal gear
are zero, and the center distance is always
the standard. For the other different gear
sets analyzed, the torque applied to the pin-
ion was adjusted proportionally based on its
pitch radius. This adjustment guarantees
similar relative loads for all analyzed cases,
even when the gear sizes vary considerably
from one case to another.

All FE models will consider three pairs of
teeth to have the rigid edges defined on both
lateral sides of the rim far enough from the
fillet on the driving side of the external pinion and driven side of the
internal gear of the middle pair of teeth of the model (Figure 2). The
torque is applied at the reference node of the pinion located on its axis
of rotation. The bottom and lateral sides of the rim define rigid edges
having their degrees of freedom related to those of the corresponding
reference node. The reference node of the pinion is constrained in all
degrees of freedom except for rotation around the Z-axis, which is left
unconstrained to receive the applied torque. For the internal gear, simi-
lar boundary conditions are established but, in this case, the reference
node on the axis of rotation of the internal gear is constrained in all
degrees of freedom, included the rotation in Z direction.
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Figure 2: Finite element model of an internal spur gear set.

(a) (&)

Figure 3: Results of FE analysis for the reference case with contact at the HPSTC of the pinion: (a) results from
FE computer program; (b) results post-processed by a custom-made computer program.

Two different FE models will be used to get the J-factor based on
the FEA results. The first model has only the middle contact pair 0
activated (see Figure 2), and the relative position of contact of the
external pinion, and the internal gear is established at the HPSTC
of the pinion teeth for the determination of the maximum stress
at its tooth fillets, and similarly, it will be established at the HPSTC
of the internal gear to get the maximum stress at its tooth fillets.
Therefore, using this type of FE model, the load is supported by just
one pair of teeth.

The second model considers not only the middle contact pair 0 acti-
vated, but it also considers the contact pair -1 on the previous pair of
teeth and the contact pair +1 on the following pair of teeth activated
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(a)

Figure 4: Results of FE analysis for the reference case with contact at the HPSTC of the internal gear: (a)
results from FE computer program; (b) results post-processed by a custom-made computer program.
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Figure 5: Maximum principal stress at the tooth fillet of the reference internal
gear evaluated at 41 contact positions along the entire cycle of meshing of one
tooth.

(see Figure 2). When using this model, an analysis along 41 contact posi-
tions has to be carried out to find the most unfavorable contact position
yielding the maximum tooth root principal stress while considering
the load shared between the different pairs of teeth in contact.

Tooth root stresses obtained from the FEA method for the external
pinion, and the internal gear will be based on the maximum principal
stress at the root fillet of the driving side of the external pinion and
driven side of the internal gear.

Figure 3a shows the results of FE analysis
for contact at the HPSTC of the pinion for the
b S reference case mentioned above yielding a
maximum principal stress 0f218.7 MPa at the
pinion root fillet. Figure 3b shows the results
of the automatic post-processing of the results
by the authors’ custom-made computer pro-
gram. Similarly, Figure 4a shows the results
of FE analysis for the HPSTC of the internal
gear yielding a maximum principal stress of
™ 193.9 MPa, and Figure 4b shows the results of
the authors’ custom made- program. For both
cases, the FE model only considers the mid-
dle contact pair, so there is no load shared
between different pairs of contacting teeth.
Figure 5 presents the results of the FE
analysis conducted for 41 contact positions
throughout the entire meshing cycle of a single tooth. The analysis
spans from point 1, which represents the lower active contact point of
the pinion in mesh with the tip point of the internal gear active profile,
to point 41, which corresponds to the tip point of the pinion active pro-
file in contact with the lower active contact point of the internal gear.
The stresses at the fillets of the external pinion and the internal
gear for the contact positions shown in Figures 3 and 4 are also high-
lighted and shown in Figure 5 together with the results obtained for
41 contact positions throughout the entire meshing cycle of a single
tooth. The region of single tooth contact is also shown as well as the
result of FE analysis when the load is shared between different pairs
of contacting teeth. In Figure 5, the label 1PCT stands for one pair
of contacting teeth (no load shared) and the label 3PCT stands for
three pairs of contacting teeth (load shared between different pairs
of teeth). Due to the effect of the elastic deformation of the tooth due
to bending and the elastic deformation at the area of contact, the
effective contact ratio is increased and the load is transferred progres-
sively between consecutive pairs of contacting teeth. For the reference
case of design, as it can be observed in Figure 5, the effective contact
ratio is very close to 2.0 because the region of single tooth contact is
reduced to almost a single point near the pitch point.
Considering the maximum principal stress from FEA at the fillet
nodes as oy, the corresponding J-factor will be evaluated by:

/= Fm,a,

b

Equation 4.1

By applying Equation 4.1, the J-factor for the reference case of
design along the 41 contact positions previously described is shown
in Figure 6. The value of W; is calculated at the operating pitch radius
of the pinion or the gear, independently of the contact position being
represented in the graph. The J-factor is inversely proportional to the
maximum principal stress at the tooth fillet.

When using the FE model with the three contact pairs activated,
the J-factor is evaluated as the minimum J-factor for all 41 contact
positions along the entire cycle of meshing of one tooth as shown in
Figure 6. When FE models with only the middle contact pair activated,
the J-factor is evaluated at the pinion HPSTC and the wheel HPSTC
as shown in Figure 6.

5 NUMERICAL RESULTS

AGMA 911-B21 [19] represents graphs of the J-factor for three differ-
ent pressure angles: 20°, 22.5°, and 25°, for both the external gear in
mesh with its internal gear mate, and for the internal gear in mesh
with its external pinion mate. It is worth noticing the graphs shown
in AGMA 911-B21 were obtained considering an addendum for the
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Figure 6: Geometry factor /for the reference internal gear set evaluated at 41
contact positions along the entire cycle of meshing of one tooth.

internal gear equal to 1.0. However, the addendum has to be short-
ened to avoid interference with the fillet of the pinion for some of the
cases of design considered. Therefore, in this work, the addendum
coefficient of the internal gear has been shortened and made equal
to 0.8, whereas the addendum of the external gearis equal to 1.0. The
dedendum coefficient for both the external pinion and the internal
gears is considered equal to 1.25. For all cases of design, the pressure
angle is 20°, and the module is 1.0 mm.

Figure 7 shows the geometry factor J for the external pinion (a) and
the internal gear (b) according to the described approach #1. Similarly,
Figures 8 and 9 show the geometry factor ] for the external pinion (a)
and the internal gear (b) according to the described Approaches #2
and #3, respectively. The same ranges of variation of the number of
teeth of the external pinions and the number of teeth for the internal
gears as considered in AGMA 911-B21 were considered here.

The J-factor for the external pinion or the internal gear shows
similar tendencies for all three approaches. Approach #3 yields larg-
er values of the J-factor in general for both the external pinion and
the internal gear. This means the tooth-root stresses evaluated with
Approach #3 will be lower than those evaluated with Approach #1.
However, assessing which approach yields more accurate results is
not yet possible as we lack baseline results to compare with. In order
to overcome this issue, the finite element method is used to get refer-
ence values of the tooth root stresses and the results presented below.

5.1 FACTOR J EVALUATED BY FEA
Two FE models as described in Section 4 are applied here to evaluate
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Figure 7: Geometry factor Jevaluated according to Approach #1 for (a) external
gears in mesh with their respective internal mates, and (b) internal gears in mesh
with their respective external mates.

Figure 8: Geometry factor J evaluated according to Approach #2 for (a) external
pinions in mesh with their respective internal mates, and (b) internal gears in
mesh with their respective external mates.

the J-factor for the external pinion and the external gear by finite
element analysis. The first model is based on the consideration of
one pair of contacting teeth only, corresponding to the middle pair
of teeth of the model and contact positions at the respective HPSTC
of the external pinion and the internal gear. Figure 10a shows the
J-factor for the external pinion is lower than the J-factor obtained
with Approaches #1 to #3. For the internal gear, Figure 10b shows the
J-factoris also lower than the J-factor obtained with Approaches #1 to
#3. Therefore, if FEA models with full load applied at the HPSTC of
the external pinion or the internal gear are used as baseline, the root
stresses are underestimated by all analytical approaches.

Figure 11 shows the J-factor for the external pinion (Figure 11a)
and the internal gear (Figure 11b) when FE models with three pairs of
contacting teeth are used to evaluate the minimum J-factor along 41
contact positions covering the entire cycle of meshing of one tooth.
Depending on the case evaluated, larger J-factors are obtained. The
main reason for this is that, for internal spur gear sets, the effective
contact ratio is in most of the cases larger than 2.0 and, therefore, the
analytical approaches do not capture the load sharing between two
or more pairs of contacting teeth.
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Figure 11: Geometry factor Jfor (a) external pinions and (b) internal gears based
on FEA and load shared between different pairs of contacting teeth.

5.2 INFLUENCE OF THE NUMBER OF TEETH OF THE SHAPER

In order to investigate the influence of the number of teeth on the
J-factor of internal gears, the actual trochoid profile of the internal
gear generated by shapers with tooth numbers varying from 20 teeth
to 100 teeth will be considered and the J-factor evaluated for seven
different gear sets comprising an external pinion of 25 teeth in mesh
with their respective internal mates having 50, 70, 90, 110, 150, 200,
and 300 teeth. Figure 12a shows the J-factor for the internal gear of
the seven gear sets evaluated using Approach #1 as a function of
the number of teeth of the shaper that generates the internal gear.
Figure 12b shows the J-factor evaluated based on FEA with one pair of
contacting teeth and load applied at the HPSTC of the internal gear.
The results indicate a decrease in the J-factor as the number of teeth
on the generating shaper increases. The J-factor evaluated based on
FEA further confirms this influence, demonstrating that the J-factor
decreases as the number of teeth on the shaper increases.

6 CONCLUSIONS

The performed research allows the following conclusions to be drawn:
) Three analytical approaches to determine the J-factor for exter-
nal pinions and internal gears considering different assumptions
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Figure 10: Geometry factor Jfor (a) external gears and (b) internal gears bhased
on FEA and only one pair of contacting teeth with contact at their respective
HPSTC.
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Figure 12: Geometry factor Jfor internal gears with pressure angle 20° in mesh
with their respective 25-teeth external pinions as a function of the number of
teeth of the shaper: (a) J-factor based on application of Approach #1; (b) J-factor
hased on FEA with only one pair of contacting teeth and load applied at the HPSTC
of the internal gear.

about the geometry of the trochoid, localization of the critical tooth
section and curvature radius to be considered for the evaluation of
the stress concentration factor has been evaluated and compared. All
three methods show similar tendencies with respect to the variation
of the number of teeth, with Approach #3 yielding the larger values
of the J-factor and therefore the less conservative values of the tooth
root stress.

) The number of teeth on the shaper has a significant influence on
the J-factor for internal gears, which is not adequately accounted for in
Approach #2, based on the method described in the Information Sheet
AGMA 911-B21, Annex A. Therefore, it is recommended to consider the
number of teeth of the shaper when formulating any future proposal
aimed at developing a more precise procedure for determining the
J-factor in internal spur gears.

The J-factor based on the FEA approach shows similar tendencies
but large differences with respect to the J-factor based on analytical
approaches. The main reason is the effective contact ratio might be
larger than 2.0 for most cases of design of internal gears and, there-
fore, any current analytical approach to determine the J-factor does
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not take it into account. Also, the stress concentration factor usually
applied for external gears might not be applicable for internal gears.
A comprehensive study based on finite element analysis should be car-
ried out to evaluate the stress concentration factor in internal gears.
Future procedures to determine the J-factor in internal spur gears
should be considering the determination of the effective contact ratio
based on the applied load as well as considering an updated stress
concentration factor.
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ANNEX A: GENERATION OF THE TROCHOID
OF INTERNAL TEETH

Figure A.1: Geometry of the
pinion cutter.

GEOMETRY OF THE PINION CUTTER
The pinion cutter will be described with subscript 0. From Figure A.1,
the radius of the center of the tip fillet is:
Teo = Tao — Myly
where:
a0 is the addendum radius of the pinion cutter.
Tf is the tool tip radius coefficient.
The radius of the inner point of the cutter fillet, which is tangent
to the cutter involute, is:

z
Teo = \]rﬁo + (m‘rf + |12 - rgo)
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Equation A.1

Equation A.2

and the angles 6gg and v¢g are:

1 2 2
Ogo = —|mrr + 150 — 5o
Tbo

-1 Tho

Equation A.3

Voo = 950 — COs

Tco

Figure A.2: Generation
of the trochoid of the
internal gear.

[0 Y. X

EQUATION OF THE ROOT FILLET

Figure A.2 depicts the relative position of the pinion cutter and the
generated internal gear in which the cutter fillet point described by ¢
is generating the point P at the root fillet of the internal tooth. From
this figure, the distance between point P and the pitch point R is:

8(p) = |15 — 15 cos? @ — 140 sing + mry Equation A.4
where:
Teo  isthegenerating pitch radius of the cutter, which is given by:
Tho .
= Equation A.5
"90 = o5 bg i
where:

¢  isthegenerating pressure angle, which can be computed by
solving the equation:
X —Xg

(tan ¢y — ¢y) = (tan ¢y — bn) + 25— Ny

From Figure A.2, the radius of the generated point of the internal
tooth root trochoid is:

r2(p) = 6%(p) + 17 — 261, cos (q) + ;)

Equation A.6

r(p) = Jéz(m) + 17 + 201y sing Equation A7
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and, from the same figure, the polar angle is:

v(ip) =0 —¢y, -4 Equation A.8
Angles 1 and 6 can be computed from:
5(p)
— cin-1
Ap) = sin (r(@) cosg Equation A.9
T — 1 7
0(p) = =—"2tan ¢, +—26,(9)
h Th
in which 6y(¢p) is:

0o(0) = veo + (@) + by

Equation A.10

§—m
e(p) = sin™! (7"]} cos ga)
Tco

Summarizing, according to Equations a.7 and a.8, the equation of
the generated root fillet is:

r(g) = Jéz +1F + 261 sing
v(p) =6 —¢g—2

m
for ¢, <@ < 3 Equation A.11

ANNEX B: CURVATURE RADIUS
OF THE GENERATED ROOT FILLET

From Figure A.2, the normal line to the generated trochoid through
the point Pis placed over the segment RP. The equation of this normal
line respect to the reference system (0, X, Y) represented in Figure

A.2is:

scosg@
[r(e)] = [rg tssing

After a small rotation da of the gear during the generation, the
above line moves and reaches the position described by the equation:

_[cosda sindax scosg
r(®))ea = [— sinde  cos drt] [’fu +ssing

Equation B.1

B rpda + s(cos @ + sin g da)
] B 1y + s(sing — cos ¢ da)
Equation B.2

At this position, a new fillet point is generated, and its normal line
can be expressed as:
tcos(p + de)

1, + tsin(p + dp) Equation B.3

[r(p +dp)] =

] _ [ t{cosgp —sing dp)
1y + t(sing + cos @ dg)

The center of curvature will be defined by the intersection of two
normal lines. Equalizing the Y-coordinates of Equations b.2 and b.3,
it is obtained:

_Sing—cosgde Equation B.4
sing + cos @ dop
and equalizing the X-coordinates, it is obtained:
(si + do) da
s =-—T(sing + cosp dp) ———
da +dg Equation B.5
t = —1,(sing — cos ¢ da) dz+dp
and neglecting infinitesimals of higher order:
. da .
s=t=-T,sing da + do Equation B.6

From Figure A.2, the rotation da of the generated gear corresponds
to a rotation de of the pinion cutter, and therefore:

d Ny 7d .
% = WU (Ei) Equation B.7
If, for simplicity, da/dy is denoted by K, from Equation a.10 it is
obtained:
% rzn cos? g sin @ ;
K(p) = I' = Ig_ _ — 1o cos? @ — (8(g) — myry) sing
\ 15— (8(9) —myry) cos? \I| Ty — Tgp cos? @
Equation B.8
and Equation b.6 results in:
s = —7,sin @% Equation B.9

The coordinates of the center of curvature can be obtained by
replacing Equation b.9 in Equation b.2:
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K(¢)

Xee(@) = =1 K@) +1

sin ¢ cos ¢ Equation B.10

¢ .
Yec(@) =15 — TR I ®

The curvature radius is the distance from the center of curvature
to the generated point P, whose coordinates are:

Xp(@) = 6(p) cos g

Yp(p) =1, + (@) sing Equation B.11

Consequently, the curvature radius at any point of the root fillet

is given by:
K(p) . ,
(@) = 8(p) + 14 Kp) +1 sing Equation B.12

The minimum radius of curvature Ty, to be considered for the
stress correction factor according to Dolan and Broghamer [2], cor-
responds to ¢ =n/2.

ANNEX C. EQUATIONS OF THE CIRCULAR ROOT FILLET

Figure C.1: Geometry of
the circular root fillet.

From Figure C.1, the radius of the center of the root fillet is:

e =1q —TF Equation C.1

where:
4 is the dedendum radius of the internal gear.
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Angles 6z, vg, and o are given by:

0 =715 + /ré — 75 Equation C.2
vE = BE - tan_I 95
1
e =cos ' —
Tc
consequently, the angle ¢, in Figure C.1 is:
Pmax = 0 — Vg — e =tan™' 0 — a, Equation C.3

The polar coordinates of the point P of the root fillet correspond-
ing to the angle ¢ depicted in Figure C.1 can be calculated from the
triangle OCP, as follows:

r(p) = Jrcz + 12 + 21,1 cos(g + @) Equation C.4
V(@) = Vg + Pmax — @
where:
@' =sin"* (:—i sin qa) Equation C.5
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